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Abstract

The field of super-resolution microscopy has made imaging of biological systems at sub-diffraction
limit resolutions possible. A prominent technique in super-resolution is single molecule localization
microscopy (SMLM). Analysis of the dynamics of live cells is also possible in single molecule imaging
using single particle tracking (SPT) techniques. The production of super-resolved images and
single particle tracking data using traditional algorithms is computationally expensive. However,
it has recently been shown that deep learning methods are particularly useful in SMLM and SPT,
expanding imaging capabilities. To train these neural networks, it is necessary to produce large
datasets that accurately represent experimental data. Data generation and model training takes
significantly more computation time than the applied use of a model. We demonstrate a method,
PSFConvolutions, through which neural network architecture is used for the efficient production of
deep learning training datasets in SMLM and SPT. This method is implemented in an easy-to-use
programming interface which can be applied to produce synthetic data modelling commonly used
microscope setups in SMLM/SPT.
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Chapter 1

Introduction

1.1 Diffraction Limited Imaging

The use of optical microscopy for imaging biological systems has an extended history. Many tech-
niques were developed in the 20th century to improve optical microscopy capabilities. Traditional
techniques such as phase contrast and confocal microscopy, however, are diffraction limited. This
means that the distance between point-like emitters can only be resolved to a certain level defined
by the Rayleigh limit defined below

0.61\

NA
where R is the Rayleigh limit, A is the wavelength of light used in the microscope and NA is the

Numerical Aperture of the objective lens. The numerical aperture of a microscope is defined as

R= (1.1)

NA = nsin6, (1.2)

where n is the index of refraction of the objective lens and 6 is the angle of the greatest inclined
beam from the optical axis that can pass through the optical systems aperture demonstrated in
Figure 1.1.

Figure 1.1: Numerical aperture of an objective lens. The maximum angle is denoted as 6 and n
refers to the index of refraction of the immersion oil used between the cover slip and microscope
objective. This corresponds to a numerical aperture of nsin 6.



This places the best resolution possible for microscopes using light in the visible spectrum at
approximately 200 nm [1]. The process of two point sources overlapping until they are indistin-
guishable is demonstrated in Figure 1.2.

Figure 1.2: Two point sources moving closer together until their point spread functions become
indistinguishable from each other and precise localization of each particle becomes impossible [2].

1.1.1 Point Spread Functions

A point source placed at the front focal plane of a microscope is imaged at the image plane as
the point spread function (PSF) of the microscope. These point spread functions are obtained by
modeling the diffraction of light from the point source through the entire optical setup. They can
be considered the impulse response function of the microscope. For a point source passing through
a circular aperture then focused to a point, such as in the simplified microscope setup shown in
Figure 1.3. The lenses in this figure are circular in shape and act as the aperture of the system.

In the ideal case of an optical system with a circular aperture and no aberrations, the PSF can
be calculated simply by a Fourier transform of the aperture [3]. This also makes an assumption
of far field or Fraunhofer diffraction limit. The Fourier transform of a circular aperture is known
better as the Airy disk. The intensity pattern of an Airy disk is shown as:

2rar

Vi(r)= BV R

(1.3)

where a is the radius of the aperture, R is the distance from the aperture to the image, A is the
wavelength of light used, and Jy is the spherical Bessel function of the first kind. An example Airy
disk is shown in Figure 1.4.



Figure 1.3: A simple two lens microscope system with no additional components. The lenses are
assumed to be circularly shaped and an example ray path is shown.

Figure 1.4: An example normalized airy disk pattern from a microscope objective with an NA of
1.3 and 533 nm light source.

In the low photon limit the PSF is normalized and considered a probability distribution of
photon distribution. The Rayleigh limit shown in equation 1.1 corresponds to the point at which
the maximum of one Airy disk overlaps with the minimum of a neighboring Airy disk. A microscope
image will appear as a convolution of the microscope’s PSF with the object at the focal plane.



1.2 Single Molecule Localization Microscopy

One may seek to improve resolution in diffracted limited microscopy by the usage of higher frequency
electromagnetic radiation outside the visible range. Additionally, electron microscopy can increase
resolution by using low wavelength electrons as a light source. In situations where samples may be
damaged by high energy photons or electron beams, such as in biological imaging of tissues, cells,
and subcellular structures, these techniques cannot often be applied. Instead, changes are made
to imaging conditions and processing that allow for the reconstruction of super resolution images,
breaking the diffraction limit.

To determine how these sub-diffraction resolutions can be achieved, one must consider the
formulation of the Rayleigh limit. The resolution limit is derived in terms of the limit for which
two particle’s locations can be determined when observed at the image plane of the microscope.
However, this is not a measurement of how precisely a single, isolated emitter can be localized.

After making an approximation of an Airy disk by a 2D Gaussian, a separate useful metric
is the accuracy to which a singular point source emitter can be localized by fitting a PSF model
to the observed light pattern. This maximum precision of this fit can be estimated by analyzing
the Cramer Rao lower bound (CRLB) of the fit PSF model [4]. An analytical expression for this
minimum uncertainty is described by the equation below [5].
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where a is the pixel size and b is the background intensity, oy is the FWHM of the PSF and N
is the number of photons collected at the image plane. We see that in the large photon limit, the
equation reduces to the following form:

00
Tloc = N (1.5)
where oy, is the localization precision, og is the width of the PSF, and N is the number of
collected photons. With a stationary point source emitter and a large photon count, high precision
localizations far below the Rayleigh limit are possible.

Making use of this principle to improve microscope resolution is the technique of single molecule
localization microscopy (SMLM). Samples are carefully prepared with particles that fluoresce under
laser illumination known as fluorophores. These fluorophores are stochastically activated such that
only a subset of the total number of fluorophores emit light at any given point of time. Dependent
on the class of fluorophores, the experimental procedure is altered. Commonly used methods are:

e Photoactivated localization microscopy (PALM) [6]: usage of fluorescent proteins.
e Stochastic optical reconstruction microscopy (STORM) [7]: usage of organic dyes.

e DNA point accumulation for imaging in nanoscale topography (DNA-PAINT) [8]: usage of
fluorophores attached to imager DNA strands which bind to docking strands. These act as
fluorescent probes.

These methods differ in their choice of fluorescent emitters, but all rely on stochastic emitter
activation to create images consisting of non-overlapping PSF's.



1.2.1 Localization Process

Raw images taken in SMLM data acquisition processes appear as sparsely distributed PSFs. To
find particle locations in each frame, algorithms are used to fit PSFs to each emitter and extract a
centroid location of the emitter. Additional information such as emitter intensity and correlation
to other emitters can be extracted from the fit PSFs. Full localization lists of all emitters and their
locations are then reconstructed into a final composite image.

This process is computationally complex and software packages have been developed such as
Single Molecule Imaging Toolbox Extraordinaire (SMITE) [9] to perform SMLM image processing
and image reconstruction. An example graphical user interface is shown in Figure 1.5.

Figure 1.5: Single Molecule Imaging Toolbox Extraordinaire graphical user interface. This is a
MATLAB plugin which allows for easy image reconstruction in SMLM.

1.2.2 3D Information

Imaging with 3D localization information is possible in SMLM. A common method of 3D localization
is by the introduction of an astigmatic lens into the microscope setup. The resulting PSF of an
astigmatic lens is modeled using linear combinations of Zernike modes at the pupil plane [10]. The
modeled PSF is then fit to the observed PSF of each emitter, and the change in shape based on
location in lateral space is determined.

1.2.3 Neural Networks applied to SMLM

SMLM data processing is possible by use of neural network frameworks. An implemented software
package for SMLM known as the DECODE (DEep COntext DEpendent) method [11] has been
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Figure 1.6: Point spread function with primary astigmatism. The change in PSF shape as the
emitter moves in and out of focus is demonstrated. The Z Position in microns refers to the distance
out of focus with 0.0 microns referring to the emitter being located at the focal plane.

shown to be an accurate and fast way to perform particle localizations and image reconstruction.
To perform SMLM with DECODE, one must train a model consisting of parallel U-Nets to produce
10 images for each frame corresponding to the particles location in space, uncertainty in localization
and intensity.

Figure 1.7: Demonstration of the DECODE neural network framework. Input images consisting of
three frames in a dataset for temporal context are fed into a CNN based on the UNET architecture
[12]. The output images contain information about each detected particles location in space and
intensity with uncertainty, and must be processed into reconstructed images.

The usage of neural network models for particle localizations requires training a model with
truthful emitter locations and realistic microscope images. Training of a model with synthetic data
requires the production of images modeled to microscope specific parameters, as well as correct
modeling of the fluorophores acting as emitters and the structures they are attached to.

This process is computationally expensive and reduces the applicability of deep learning frame-
works for SMLM as the model must be trained for usage with datasets that accurately reproduce



lab dependent imaging conditions.

1.2.4 Single Particle Tracking

Building from the methods of SMLM, single particle tracking (SPT) experiments are achievable. In
SPT, structures of interest are labeled with fluorophores and imaged under conditions where they
are free to move. At each frame, fluorophores are localized and identified throughout a movie. From
this process, information about molecular dynamics of tagged particles can be extracted, such as the
diffusion constant of freely diffusing labeled proteins. Software such as SMITE has been developed
to produce single particle tracking data, however traditional algorithms are limited significantly
by emitter density and the blinking behavior of fluorophores. Additional conditions such as low
signal to noise ratio and molecules exhibiting non-diffusive motion patterns also limits the accuracy
of traditional single particle tracking algorithms. Recent developments have shown deep learning
approaches to be significantly useful in particle tracking applications [13].

1.2.5 Training Data Generation Improvements

To overcome limitations in the application of deep learning baseed SMLM and SPT techniques, we
demonstrate an easy to implement algorithm, PSFConvolutions, which produces synthetic image
datasets for applications in SMLM and SPT. With the the efficient production of training datasets,
larger and more complex networks can be constructed and trained. For example, a neural network
such as SPTNet must be trained with numerous multi-frame datasets that contain temporal infor-
mation of the dynamics of molecules being simulated. The usage of the PSFConvolutions method
to produce microscope images from datasets modeling the dynamics of molecules can increase the
relevance of neural network models in SPT and SMLM.

10



Chapter 2

Methods

PSFConvolutions is implemented in the Julia Programming Language, making use of the LUX deep
learning framework and ForwardDiff auto differentiation package. It is integrated into the larger
JuliaSMLM toolset which contains many Julia packages developed for Single Molecule Localization
Microscopy.

Example coordinate lists are generated using the SMLMData structure where for a given single
molecule localization dataset (SMLD) the following information is stored:

e PSF
e Emitter Localizations (z,y,z, photon count, frame number, dataset number)
e Camera Information (pixel size, range)

Corresponding to the SMLD, a PSF must be generated. These are stored as distribution func-
tions defined in the MicroscopePSFs package. To produce a PSF, one must specify the imaging
conditions of the microscope that is simulated. The MicroscopePSFs package allows for the pro-
duction of the following PSF models:

e Gaussian: 2D Gaussian approximation of the Airy disk

Airy: PSF of circular aperture

Scalar: Scalar diffraction model with Zernike coeflficients

Vector: Vector diffraction model considering the polarization of light

Spline: Spline fit PSF models

The PSFConvolutions method generates images through a four step process illustrated in Figure
2.1. Prior to the usage of the PSFConvolutions package, one must first provide a list of coordinate
data generated to model the fluorophores and structures which they are imaging. The camera and
microscope characteristics are stored in the PSF model.

Both the image generation and convolution kernel generation processes differ when the inputted
point spread function model is calculated in 2D or 3D space. Systems with PSFs that are engineered
to change in shape such as in Figure 1.6 will require modeling using the 3D method. In contrast,
systems with limited optical aberrations and imaging only near the focal plane, such as in total
internal reflection (TIRF) microscopy, can be sufficiently modeled with an Airy disk or Gaussian
PSF in 2D.
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Figure 2.1: Flow chart describing the usage of the PSFConvolutions package for synthetic image
generation. The coordinate list and PSF model must be supplied to PSFConvolutions.

From the inputted PSF and emitter coordinates, a series of images corresponding to the emitter
pixel location and sub pixel displacement are generated and inputted into a Convolutional Neural
Network (CNN) whose convolution kernel weights are determined by the PSFs.

2.1 Convolution Kernel Generation

The first step in image generation with PSFConvolutions is the creation of convolution kernels
corresponding to how the point spread function of the microscope appears on the microscope’s
camera. This corresponds to integrating the analytic point spread function across the pixel size of
the camera, creating a pixelated point spread function demonstrated in Figure 2.2. The magnitude
of the pixelated PSF in each pixel corresponds to the probability that one photon will be incident
on that specific pixel after passing through the microscope system. The size of the pixels in the
pixelated PSF is supplied as the size of the pixels of the camera system being modeled. One may
also wish to increase the sampling rate/upscale the image for data generation purposes when the
analytic form of the PSF is known. This corresponds to sampling the PSF at more locations and
decreasing the pixel size by a factor. The upscaled pixel size is described by the following expression:

’u:_y 21
aw = 21)

where a, is the upscaled pixel size, a is the pixel size of the camera, and F' is the upscaling
factor applied in PSF generation.

2.1.1 2D Convolution Method

For 2D PSFs, sub-pixel displacement information is obtained by use of a 2D Taylor expansion. A
general 2D Taylor expansion around points z and y is described as:

S M) £ (2, ) Axm Ay™
flz+ Az,y + Ay) = Z Z Sy P (2.2)

n=0 m=0
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Figure 2.2: An Airy disk and its integrated pixelated versions. In the 2x upscaled version, the PSF
is sampled with pixels half the size of the camera pixel.

where f(z,y) corresponds to the function being expanded. Az and Ay correspond to the
distance from the center of the expansion. For calculations we truncate the Taylor expansion at
a given order. The partial derivatives of the PSF are calculated using the Julia ForwardDiff auto
differentiation package and saved as a list of 2D arrays demonstrated in Figure 2.3.

2.1.2 3D Convolution Method

A 3D Taylor expansion follows the following expression:

o o= D) (1 ) Az Ay™ AP

, (2.3)

n=0 m=0 p=0

where f(z,y,z) corresponds to the function being expanded. Az, Ay, and Az correspond to
the distance from the center of the expansion. Similarly to the 2D convolution kernel generation
method, 2D convolution kernels are saved which correspond to the partial derivatives of the PSF.
To model the behavior of the function in the lateral (z) axis, multiple expansion centers in z for both
the zeroth order kernel and its partial derivatives are chosen. An example set of 3D convolution
kernels for an astigmatic PSF is shown in Figure 2.4.

2.2 Image Generation

Following the generation of convolution kernels, the image process generation begins. The dataset of
emitter locations is sorted into individual frames. Emitters are stored with frame id, photon count,
and position in space to sub-pixel accuracy, which is demonstrated in Figure 2.5. To generate
images, we must create pixelated images according to the inputted camera range and pixel size.
Binned images are created using pixels of size a, as described in Equation 2.1.

Binned images corresponding to the emitters nearest pixel location and sub-pixel displacement
are created and supplied to a neural network that begins with a number of channels specified by
the order to which the the PSF is expanded in the kernel generation process. The creation of the
convolution layer of the neural network differs based on the use of a 2D or 3D PSF. All activation
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Figure 2.3: Second order expansion of a Gaussian PSF. First and second order partial derivatives
of the Gaussian function calculated by forward auto differentiation are shown.

functions in this neural network are chosen to be the identity function and the combination of layers
after the convolution layers is a summation. This is demonstrated in Figure 2.6.

2.2.1 2D Convolution Layer Generation

In the 2D case, The list of emitters from each frame is used to generate a subset of images corre-
sponding to the nearest pixel location and the sub pixel offset. The Az and Ay values correspond
to the distance from the nearest pixel center. For example, if an emitter was specified to be at
xr = 12.46,y = 12.53 microns, and the nearest pixel center was x = 12.5,y = 12.5 microns, then
the emitter would be placed in the 12.5,12.5 pixel with Az = —0.04 and Ay = 0.03. The intensity
of each emitter is scaled to equal the number of photons associated with the emitter. The values
of the pixel shifts are stored in the nearest pixel center. High order terms such as Az?, AzAy and
Ay? are calculated using the sub-pixel shifts as differential values and populated into images placed
at the same sub-pixel location. This process is illustrated in Figure 2.7.

Each image is convolved with its respective PSF or derivative of the PSF as specified in Equation
2.2. Correct weighting according to the Taylor series expansion is applied before convolution. For
the 2D case, there are a number of input and convolution layers corresponding to the following

14



Figure 2.4: First order expansion of a PSF with A astigmatic phase aberration and expansion centers
at z = —0.5,0,0.5 microns from the focal plane.

expression:

(n+1)(n+2)
5 )

(2.4)

where n is the Taylor expansion order.

2.2.2 3D Convolution Layer Generation

In the 3D case, a Az value must also be calculated. This value is determined to be the distance
from the emitter to the nearest expansion center on the lateral (z) axis.

For example, if the emitter location was specified to be located at x = 12.46,y = 12.53, z = 0.34
microns and the nearest pixel location in the axial plane was x = 12.5,y = 12.5 microns, the Az
and Ay values would still be —0.04 and 0.03 microns respectively. If we used 3 expansion centers
at z = —0.5,0.0,0.5 microns such as in Figure 2.4, the emitter have a Az = —0.16 microns relative
to the expansion center at z = 0.5 microns.

Separate input images are created that correspond to each set of convolution kernels that corre-
spond to each center in the axial direction and are only convolved with their respective convolution

15



Figure 2.5: Example scatter plot of true emitter locations in one frame. The camera field of view
is 8x8 microns. This is for the 2D case, so displacements from the focal plane are not visualized.

Figure 2.6: Diagram of the PSFConvolutions image generation neural network. A series of images
generated from the emitter locations, intensities and sub-pixel displacements are inputted into a
convolution layer built from the PSF and its partial derivatives. The mean pool layer averages
pixels in a region corresponding to upscaling in PSF and input image generation, and the final
image is outputted.

kernels as demonstrated in Figure 2.8.
This results in a total number of input and convolution layers described by the following expres-

sion: m(n+ 1)(n + 2)(n + 3)

6 )
where m is the number of z expansion centers and n is the specified expansion order.

(2.5)

2.2.3 Mean Pool Layer

Following the convolution layer, a mean pool layer is supplied. This averages neighboring pixels
in a region of dimensions (F, F') where F' is the same upscaling factor in Equation 2.1. A clever
reader will note that if the PSF was properly normalized in the convolution kernel generation
process according to the upscaled pixel size, the image after applying a mean pooling layer must be

16



Figure 2.7: Zeroth order image and corresponding first order differential binned images. The
intensity of each emitter is scaled to the number of photons emitted by each emitter.

Figure 2.8: 3D input and convolution layers for a Taylor expansion of order 1 and 3 expansion
centers. There are a total of 12 input and convolution layers.

multiplied by F2. We address this by creating our upscaled convolution kernels such that they are
normalized to F'? instead of 1.

2.2.4 Output Layer

After mean pooling, the image is outputted from the neural network. This outputted image models
the effects of diffraction and additional noise sources can be modeled after the use of PSFConvolu-
tions.

17



2.3 Programming Tools Used

The following tools were used in the development of this module:

e Visual Studio Code (VS Code)
e GitHub Copilot VS Code Extension

e Julia Language Support VS Code Extension

18



Chapter 3

Results

Usage of the PSFConvolutions method for generating data is compared in accuracy and computation
speed to the current most computationally efficient method of generating PSFs using spline fit
models [14].

3.1 Accuracy

To benchmark the accuracy of the PSFConvolutions method, separate procedures were applied to
the 2D and 3D methods. For 3D PSFs modeled using combinations of Zernike polynomials error
relative to the spline fit models of the PSF is computed, providing an estimate of accuracy as the
spline fit model will contain error.

3.1.1 2D Accuracy Results

To examine the error in sub-pixel shifts using the PSFConvolutions, we created a series of images
of a single emitter of 1 photon intensity with a 2D Gaussian PSF. In separate frames, the emitter
was stored with shifts up to 0.5 pixels from the central pixel. This allows for a calculation of error
relative to an image generated by integrating a Gaussian PSF with the same sub-pixel displacement
across each pixel. The analytical form of a 2D isotropic Gaussian distribution integrated across a
square pixel region is given by the following expression:

() () () (). o

where [ is the intensity of the region, x; and xy are the pixel boundaries along the x axis, 1
and gy, are the pixel boundaries on the y axis, p, is the center of the point spread function in x, p,
is the center of the point spread function in y, and o is the standard deviation of the PSF.

Mean squared error (MSE) is calculated between the analytically computed image and PSF-
Convolutions image according to the following relation,

N

MSE = %Z (i — )7, (3.2)

i=1
where N is the number of pixels, y; are pixel values in the PSFConvolutions image, and x; are
pixel values in analytically computed image.
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Figure 3.1: Mean squared error of the PSFConvolutions method plotted as a function of radial
displacement with no upscaling and second order Taylor expansion. The mean squared error calcu-
lation of a sample point is demonstrated.

Figure 3.2: Mean squared error results for the PSFConvolutions method with varying upscale factor
and expansion order. The inputted PSF is calculated on a 15x15 pixel region with a pixel size of
0.1 microns. The PSF modeled is a 2D Gaussian PSF with a standard deviation of 0.13 microns.
For an upscale factor of 3 with a second order Taylor expansion, higher precision than the integrate
pixels method is achieved.

Additionally we compare the MSE of the PSFConvolutions image with the MSE of images calcu-
lated using the integrate _ pixels method in MicroscopePSFs Julia package within the JuliaSMLM

20



ecosystem. This method calculates an estimate of the integrated pixel image using Riemann sums
with % pixel size.

Examining MSE as a function of radial displacement from the central pixel demonstrates the
increasing error of the PSFConvolutions method as the PSF is displaced from pixel centers demon-
strated in Figure 3.1. However, increasing upscaling can provide a reduction in this error, resulting
in accurate image generation demonstrated in Figure 3.2.

3.1.2 3D Accuracy Estimations

In the 3D case, accuracy of the PSFConvolutions method was compared to PSFs generated using a
spline fit model. All PSF's generated for demonstrating the accuracy of the 3D convolutions method
were made using a 3D scaler model of a point spread function with phase aberration of A in the
primary vertical /horizontal astigmatism mode illustrated in Figure 1.6. The wavelength of light
modeled is 533 nm, with a 1.4 Numerical Aperture objective, and a refractive index of 1.5

MSE in this case is a metric of deviation between values calculated by the PSFConvolutions
method and an integrated spline fit of the point spread function. Our spline model was calculated
by sampling the PSF in a 2x2x1 micron range in 0.05 micron intervals. For PSFConvolutions, we
create convolution kernels with an upscale factor of 3 and second order taylor expansion.

Our emitter dataset consists of emitters displaced from the z = 0 micron focal plane in a region
of (—0.5,0.5) microns. The deviation from the Spline fit model increases as a function of distance
from each z expansion center specified in creation of the input layers. This difference is shown in
Figures 3.3 and 3.4.

Figure 3.3: MSE values of as a function of displacement in emitter location from the focal plane.
This is using 1 expansion center at the focal plane.
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Figure 3.4: MSE values of as a function of displacement in emitter location from the focal plane.
This is using 3 expansion centers at z = (—0.5,0.0,0.5). We see a decrease in deviation from the
spline fit model near the expansion centers and overall greater accuracy than the single expansion
center figure.

3.2 Performance

To benchmark the performance of the PSFConvolutions method, we compare image generation
using a test dataset of varying emitter density over a 6.4x6.4 micron camera region with 0.1 micron
pixels. Test datasets contain 50 frames of emitters randomly placed at the specified densities ranging
from (%, 10) emitters per square micron. Spline PSF calculations are performed using a 16 core
CPU whereas PSFConvolutions calculations are performed on a Nvidia RTX 4090 GPU. This is

pictured in Figure 3.5.
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Figure 3.5: Speed of PSFConvolutions method vs image generation using an integrated spline PSF.
For high emitter densities, the PSFConvolutions method performs image generation two orders of
magnitude quicker than integrating a spline fit PSF.
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Chapter 4

Conclusions

The PSFConvolutions image generation method is shown to be an accurate and efficient method of
producing diffraction modeled images for SMLM and SPT purposes. This method produces images
using a CNN with convolution kernels weighted by the Taylor expansion of an inputted PSF. This
method is up to 150 times faster than existing image generation for high emitter density image
generation, and performs with increased accuracy in comparison to existing image generation in
the 2D case. Calculations are performed using GPUs for increased performance over commonly
used CPU image generation methods. This method is highly applicable for use in training complex
neural networks for SMLM and SPT such as DECODE and SPTNet. Improvements to computation
speed of training data allows for the generation of larger and more complex training datasets which
improves the relevance of deep learning methods for super resolution microscopy applications.
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