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Abstract

In absence of conduction and convection, thermal equilibrium between objects and the surrounding
environment is reached by means of radiative heat transfer, in which each object emits energy
in the form of photons. The wavelength of this light is determined by the temperature and the
optical properties of the object, and is, at the macroscale, accurately described using the Planck
and Stefan-Boltzmann laws. When the dimensions of the objects, or the distances separating them,
are reduced to below the so-called thermal wavelength, however, these laws break down; the unique
interactions between light and structures smaller than or comparable in size to its wavelength can
drastically alter this radiative heat transfer, allowing for rates far exceeding those predicted by
these laws. Indeed, this behavior can be exploited as a mechanism to achieve new heat transfer
scenarios that serve to advance a diverse range of technologies, including thermophotovoltaics
and nanoscale circuits. One material that has exceptional promise to this end is graphene, a two-
dimensional material composed of carbon atoms arranged in a honeycomb lattice; graphene can
be electrically doped to support surface plasmons, the collective oscillations of the conduction
electrons, at thermal wavelengths. Not only are the plasmons supported by graphene very strong
and spectrally narrow, thus strengthening the interaction of graphene nanostructures with light of
certain frequencies, the optical response of these structures can also be electrically tuned in real
time, at rates limited by the speed of the electronics used. These properties enable a high level
of active control over the absorption and emission, making graphene an ideal material for the
manipulation of nanoscale energy transfer. In this work, we provide a comprehensive study of the
temporal evolution of the radiative heat transfer in ensembles of graphene nanodisks. Specifically,
we exploit the active tunability of graphene as a means to achieve new heat transfer scenarios that
would not be possible with conventional, passive, materials. The results of this work serve to
open new avenues for achieving complete control over nanoscale heat transfer by advancing the
fundamental understanding of the dynamics of this process.
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1 Introduction

The ability to manipulate the transfer of energy between objects poses a unique challenge that
is of paramount importance for the advancement of a wide variety of new technologies that can
revolutionize green energy [1], electronics [2], and space exploration [3]. From the ability to
efficiently generate renewable energy to the thermal management of electronics, some of the most
pressing issues of the modern day require complete dynamical control over the transfer of energy.
In particular, as the ability to fabricate these technologies on a smaller scale grows, so too does the
need for an increased level of control over the energy transfer that happens at the nanoscale. At
this scale, the emergence of the unique interactions between light and matter constitute not only a
unique challenge, but also an exciting opportunity to develop complete control over energy transfer.
In this work, we describe a promising pathway to achieve fully dynamical control over nanoscale
heat transfer based on the use of graphene nanostructures, whose strong optical responses can be
actively tuned. Not only do our results serve to advance the fundamental understanding of energy
transfer at the nanoscale, they will also serve as an inspiration for the development of a wide variety
of improved technologies, including more efficient thermophotovoltaics, that can benefit from the
new heat transfer scenarios we describe.

1.1 Radiative Heat Transfer

In absence of conduction and convection, the mechanism by which objects reach equilibrium with
other objects and their environment is radiative heat transfer [4, 5]. In this process, energy is emit-
ted in the form of light, at wavelengths determined by the temperature of the object. An idealized,
extended system, which absorbs all light incident on it, is known as a blackbody. For a black-
body, the emission of light is described by the famous Stefan-Boltzmann law, which describes the
temperature dependence of the overall emission, and Planck’s law, which provides the wavelength
dependence at a given temperature. In particular, for a blackbody, the power P emitted per unit
area A as a function of photon energy ~ω is given by

P(ω)
A

=
~ω3

3π2c2
n(ω, T ), (1)

where ~ = h/2π is the reduced Planck’s constant and c is the speed of light in vacuum. In addition,
n is the Bose-Einstein distribution, defined as

n(ω, T ) =
1

e
~ω

kBT − 1
, (2)
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where kB is Boltzmann’s constant and T is the temperature. This equation describes emission in
the far-field, i.e., at distances much larger than the thermal wavelength λT = 2π~c/kBT . This
wavelength, which ranges from approximately 7mm at 2K to 1.4µm for 104 K, is on the order of
50µm for a temperature of 300K. Importantly, this equation describes the behavior of an extended
structure, such as an infinite plane, that behaves as a blackbody.

When we have two blackbodies at different temperatures, they have a net transfer of en-
ergy between them from the hotter to the colder one. Since blackbodies absorb all light that is
incident upon them, the heat transferred in the far-field limit, in which the distance separating
the structures is larger than the thermal wavelength, is independent of this distance. This can be

Far-Field

Near-Field

Extended
Structures

Finite
Structures

Table 1: Description of the near- and far-field be-
havior of extended and finite structures.

understood because the field of an extended
structure is constant for distances much larger
than the thermal wavelength.

On the other hand, when the separation
between blackbodies is shrunk to a distance
that is comparable to, or smaller than, the ther-
mal wavelength, it is possible for extended
structures to achieve rates of radiative heat
transfer far exceeding this standard understand-
ing. This is because, in this limit, the contribu-
tions from evanescent modes serve to augment
the heat transferred between blackbodies [6–8].
In particular, the field has additional contribu-
tions that go as e−r, r being the separation be-
tween structures. While this term is negligible for large r, it serves as a notable contribution to the
emission in the near-field limit.

All of the discussion above applies to extended structures with infinite areas. However, when
dealing with structures that are comparable in size to, or smaller than, the thermal wavelength,
the situation is different. In particular, the far-field of a finite object decays as r−1, rather than
being constant, and the near-field goes as r−3. This behavior, which is very different from that of
extended structures, serves as an opportunity to achieve larger rates of radiative transfer than are
achievable with extended blackbodies [9]. Table 1 shows a summary of the distance dependence
of the electric fields produced by finite and infinite structures in the near- and far-field limits.

So far, we have only discussed the role played by the geometry of the system on the radiative
transfer. However, the material properties can have an effect that is just as important. In particular,
the presence of optical resonances can lead to absorption cross-sections that are much greater than
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Figure 1: Surface plasmons in a gold nanosphere of radius R = 50 nm. (a) Schematics showing
the excitation of a surface plasmon using light with a wavelength of λ = 515 nm. (b) Electric field
intensity enhancement around the same gold nanosphere as in (a).

the area of the structure, and thus, radiative transfer that exceeds that of a blackbody having the
same area [10]. In the following, we exploit all of this knowledge to manipulate the radiative
heat transfer between nanostructures. In particular, we take advantage of the surface plasmon
resonances supported by graphene nanodisks to achieve new heat transfer scenarios relying on
active control.

1.2 Surface Plasmon Resonances

Surface plasmons are the collective oscillations of the free electrons in a metal [11], as depicted
in panel (a) of Figure 1. When a metallic nanostructure is illuminated by light, the electrons in
the structure will be displaced, which leads to a restoring force that serves to pull the electrons
back to their original positions; the interplay between these forces, as dictated by the shape, size,
and material properties of the nanostructure, results in the emergence of a resonance at a specific
frequency of the light, which is known as the plasmon frequency.

One of the extraordinary properties of surface plasmons is that they interact strongly with
light, enabling their application for such technologies as ultrasensitive biosensors [12, 13], vivid
nanoscale color sources [14, 15], and efficient photovoltaic devices [16, 17]. This is because plas-
mons provide strong enhancement and confinement of the electromagnetic field in the subwave-
length region surrounding a nanostructure [18,19]. This can be seen in panel (b) of Figure 1, which
shows the electric field intensity enhancement, |E/E0|2, surrounding a gold nanosphere of radius
50 nm at its plasmon frequency, λ = 515 nm. The calculation shown was performed using the
Boundary Element Method to solve Maxwell’s equations by applying boundary conditions [20,21],
along with tabulated dielectric function data for gold that was taken from Reference [22]. We see
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that, in a very small region around the surface of the nanosphere, the electric field intensity is on
the order of 20 times that of the incident field. On the other hand, far from the plasmon resonance,
the field enhancement will be negligible in comparison. This drastically altered behavior near the
resonance frequency exemplifies the great promise of plasmonic nanostructures for manipulating
near-field radiative heat transfer.

1.3 Graphene

One material that has, in recent years, emerged as an ideal tool to manipulate light below the
diffraction limit is graphene [23, 24]. Graphene is a two-dimensional monolayer of carbon atoms
arranged in a honeycomb lattice, and has extraordinary optical properties. In particular, it can
be doped with electrons by means of, for instance, electrostatic gating, thereby allowing it to
support surface plasmons. The plasmons supported by graphene are exceptionally strong and
spectrally narrow, and occur in the mid-infrared [25, 26], which is the most relevant part of the
spectrum for radiative heat transfer occurring under conventional temperatures. In addition, the
frequency of the plasmons supported by graphene can be tuned by adjusting the doping level of
the nanostructure [27, 28]. This active tunability sets graphene apart from conventional plasmonic
materials, whose size or shape must be adjusted to alter the optical response, and makes it an ideal
material for use in a wide variety of applications where complete dynamical control is a necessity.
For instance, graphene nanostructures are an ideal platform for use in Surface Enhanced Infrared
Absorption (SEIRA) spectroscopy [29, 30], a powerful tool for the detection of biological and
chemical species in very low concentrations. This is achieved by exploiting the active tunability
of graphene to align the position of the plasmon resonance with the natural vibrational modes of
a molecule. Then, by placing molecules in the vicinity of the nanostructure, in areas with greatly
enhanced fields, it is possible to amplify the optical signal of the molecule and thereby detect their
presence.

The active tunability and strong plasmon resonances of graphene can also be applied as a
mechanism to selectively absorb at specific frequencies, a principle that gives it great promise for
use in manipulating radiative heat transfer. This is illustrated in Figure 2 (a), which shows the
absorption cross-section per unit area of graphene nanodisks with different carrier concentrations.
We characterize the carrier concentrations through their Fermi level, which corresponds to the
energy of the electron in the highest occupied state, and is given by EF = ~vF

√
π|ρ|. Here,

vF ≈ c/300 ≈ 106 m/s is the Fermi velocity of electrons in graphene, and ρ is the electron density.
The absolute value of this parameter is taken because the same behavior emerges when graphene
is instead doped with holes. Using electrostatic gating, Fermi levels of up to 1.0 eV have been
achieved [31].
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Figure 2: Tunability of graphene. (a) Absorption cross-section per unit area for a graphene nanodisk of
radius R = 15 nm at T = 300K with different Fermi levels EF between 0.1− 0.5 eV in steps of 0.1 eV, as
represented by the colored curves. (b) Power emitted per unit wavelength for a graphene nanodisk with the
same size and temperature as the one in (a) and Fermi level EF = 0.5 eV (blue curve), compared to that of
a blackbody at the same temperature and with the same area (red curve). The spectrum of the blackbody is
multiplied by a factor of 10 for visibility.

In order to perform this calculation, we model the nanodisk as a point dipole, which is a valid
approximation, given the drastic mismatch between the size of the nanodisk and the wavelength of
light resonant with the plasmon. Within this approximation, the absorption cross-section is given
by

σabs = 4πkIm{α},

where α is the polarizability of the graphene nanodisk and k = ω/c = 2π/λ is the wavenumber.
This mismatch between the size of the nanostructure and the wavelength of light also allows us to
work in the electrostatic limit to describe the optical response of the nanodisk. In this limit, the
in-plane polarizability of a graphene nanostructure can be modeled with the expression

α(ω) =
∑
i

8R3ζ2
i

(−1/ηi)− 2iωR/σ
,

obtained using the plasmon wave function formalism (PWF) [31–33]. This expression allows us to
describe the optical response of a nanostructure in terms of two parameters, ηi and ζi, whose values
depend only on the shape of the nanostructure, and can be obtained by fitting the above equation
to a rigorous solution of Maxwell’s equations. In this work, we take the sum over the first three
dipolar modes. For a nanodisk, we have η1 = −0.0728, ζ1 = 0.8508, η2 = −0.016, ζ2 = 0.4,
η3 = −0.0101, and ζ3 = 0.11 [34]. In addition, the polarizability depends on the conductivity σ,
which is a function of the temperature of the nanodisk, its Fermi level, and the electron mobility
µ of the graphene. Here, we use a conductivity derived from the local limit of the random-phase
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approximation for an extended graphene sheet [35], and, for all of the calculations described in
this work, we assume an electron mobility µ = 3000 cm2/(V s), a value that is well within current
experimental capabilities [36] (note that values up to 105 cm2/(V s) have been measured in h-BN
encapsulated graphene samples [37, 38]).

Panel (a) of Figure 2 shows the absorption cross-section per unit area calculated using these
tools for a nanodisk of radius R = 15 nm at a temperature T = 300K, as depicted in the inset.
We perform these calculations for different Fermi levels in the range of EF = 0.1 eV to 0.5 eV in
increments of 0.1 eV, as indicated by the different colored curves. In particular, we see that the
resonance frequency is shifted to a higher energy as the Fermi level is increased, and, additionally,
the peak of the cross-section becomes significantly narrower and taller. The narrow nature of
these resonances opens the door for systems in which one can adjust the doping level of graphene
nanodisks in order to accurately select the frequency of light that will be absorbed.

The strong absorption cross-sections of doped graphene nanodisks also make it possibly to
achieve a higher level of control over the emission spectrum of these systems. Kirchoff’s Law for
thermal radiation tells us that the power emitted per unit frequency of an object is dictated by its
absorption cross-section. In particular, the power emitted per unit area of a structure is [10]

P(ω)
A

=
~ω3

3π2c2

σabs

A
n(ω, T ),

which, for a blackbody, reduces to Equation (1), since the absorption cross-section of a blackbody
is always equal to its area. This also tells us that, when we have an absorption cross-section that
is larger than the area of the nanostructure, as is the case near the plasmon frequency of graphene,
we can achieve radiative heat transfer that is beyond that of an extended blackbody in the far-field.
This is something that is only possible using finite objects, since, for infinite structures, the absorp-
tion cross-section per area will never exceed 1, but, for finite structures, it can. This can be seen in
Figure 2, panel (b), where we show the power emitted per unit wavelength of a graphene nanodisk
compared to that of a blackbody having the same finite area and temperature. In particular, as
depicted in the inset of the panel, we consider a nanodisk of the same temperature (T = 300K)
and dimensions (R = 15 nm) as the one in panel (a), with a doping level of EF = 0.5 eV. The
thermal emission spectrum of the graphene, plotted using the blue curve and characterized by its
extraordinarily narrow spectral features, is significantly larger than that of a blackbody having the
same temperature and area. Such a structure has a thermal emission given by Equation (1), and is
plotted using a red curve. Indeed, the emission of the graphene nanodisk at certain frequencies is
so much larger than that of the blackbody that the spectrum of the blackbody was multiplied by a
factor of 10 in the plot for visibility, despite the fact that the area under the latter is larger overall.
This exceptional increase in the emission around a very small frequency range makes graphene an
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ideal tool to manipulate radiative heat transfer. Motivated by this, we study the radiative heat trans-
fer between graphene nanodisks within an ensemble, with a particular focus on the time evolution
of these systems. This inclusion of dynamics is a prospect that has hardly received any attention,
despite some recent works discussing the radiative transfer between graphene nanodisks [39–41]
and the great potential such a study has for application to new technologies.

2 Results

2.1 Description of the Model

We consider an arrangement of N point dipoles, each of which interacts with every other one in
the system, as depicted in Figure 3. Because of the large mismatch between the wavelengths of
light and the sizes of the structures we consider in this work, this dipolar approximation is valid
for graphene nanodisks. Under this description, the power P dissipated in a structure i within the
ensemble is given by

Pi =

〈
Ei(t) ·

∂pi(t)

∂t

〉
, (3)

where 〈〉 represents the average over thermal fluctuations, Ei is the electric field of particle i, and
pi is its dipole moment. For convenience, we choose to work in the frequency domain, defined via
the Fourier transform,

pi(t) =

∫ ∞
−∞

dω

2π
pi(ω)e

−iωt.

Then, Equation (3) becomes

Pi = −
∫ ∞
−∞

dωdω′

(2π)2
e−i(ω−ω

′)tiω〈E+
i (ω

′)pi(ω)〉, (4)

where + indicates the conjugate transpose, and thus, in order to describe the radiative transfer, we
only need to find the field and induced dipoles of each nanodisk. In order to do so, we make use of

Figure 3: Sketch of the system under consider-
ation, consisting of N interacting graphene nan-
odisks, which we model as point dipoles.

the coupled dipole model [42–45] to describe
the response of each nanodisk. This model,
whose use is justified here, due to the signif-
icant mismatch between the particle size and
the wavelength of light, assumes that each nan-
odisk behaves as a point dipole that interacts
with each other one in the ensemble, and is ac-
curate when the center-to-center spacing of the

11



Temporal Evolution of Radiative Heat Transfer Between Graphene Nanodisks Lauren Zundel

disks is at least three times the disk radius. Under this approximation, the induced dipole at disk i
is given by

pi = pfl
i +αiE

fl
i +αi

∑
j 6=i

Gijpj, (5)

in terms of the sources, which are fluctuating dipoles pfl
i and fields Efl

i that result from the thermal
motion of charges and currents in the system. Here, αi is a diagonal matrix with the three Cartesian
components of the polarizability of dipole i (notice that the polarizability perpendicular to the disk
is taken to be zero), and Gij is the dipole-dipole interaction tensor for dipoles i and j, which comes
from the electric field of a unit dipole, and is defined for i 6= j as

Gij =
eikrij

r3
ij

[
(krij)

2 + ikrij − 1
]
I3×3 −

eikrij

r3
ij

[
(krij)

2 + 3ikrij − 3
] rij ⊗ rij

r2
ij

, (6)

and zero otherwise. Here, rij = ri − rj is the vector separating dipoles i and j, rij = |rij|, and
I3×3 is the 3× 3 identity matrix. In a similar fashion, we can write the electric field at each disk,

Ei = Efl
i +

∑
j 6=i

Gijpj +G0pi, (7)

where G0 = (2/3)ik3I3×3 represents the radiation reaction term, which describes the emission of
each dipole. Following the approach described in Reference [46], the solutions of Equations (5)
and (7) can be written as

p = Apfl +BEfl (8)

and
E = Cpfl +DEfl, (9)

where A = [I3N×3N −αG]−1, B = Aα, C = (G + (2/3)ik3I3N×3N)A, and D = I3N×3N +

Cα, and the dipoles and fields now have 3N components, where N is the number of dipoles in the
ensemble.

We use these expressions for the self-consistent dipoles and the field at each nanodisk in
Equation (4). Since this equation requires an average of these values over thermal fluctuations,
we apply the Fluctuation-Dissipation Theorem (see Appendix A), which is a relation derived in
statistical physics that relates the fluctuations of a physical quantity with its dissipation. Using this
tool, and after some lengthy algebra, we obtain the following result for the power dissipated in
each disk:
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Pi =
2~
π

∫ ∞
0

dωω
∑
j

Tr
[
Im{AijIm{χj}C+

ij}
]
Nj

+
2~
π

∫ ∞
0

dωω
∑
jj′

Tr
[
Im{BijIm{Gjj′}D+

ij′}
]
N0.

Here, Tr indicates the trace over the Cartesian components, Ni = n(ωi, Ti) + 1/2, where n(ω, T )
is the Bose-Einstein distribution, and Ti is the temperature of disk i. We reserve T0 for the tem-
perature of the environment. Furthermore, we use χi = αi(ω) − (2i/3)k3|αi(ω)|2 to account for
the radiative corrections and ensure that the optical theorem is satisfied for particles that are not
absorbing [9]. By writing this result as

Pi = Fi +
∑
j 6=i

Fij +
∑
jj′

F 0
i,jj′ ,

we can understand it as the combination of the power lost by disk i with that which it has gained.
In particular, Fi is the power lost to the environment and other disks, given by

Fi =
2~
π

∫ ∞
0

dωωTr
[
Im{AiiIm{χi}C+

ii}
]
Ni,

while Fij is the power gained by disk i from disk j,

Fij =
2~
π

∫ ∞
0

dωωTr
[
Im{AijIm{χj}C+

ij}
]
Nj.

Finally, F 0
i,jj′ is the power gained by disk i from the environment,

F 0
i,jj′ =

2~
π

∫ ∞
0

dωωTr
[
Im{BijIm{Gjj′}D+

ij′}
]
N0.

It is convenient to define a heat transfer coefficient that is independent of the temperature. We
can do this by linearizing the above equations with respect to temperature, and, for example, we
find the expression for the heat transfer coefficient between the ith and jth disks of the ensemble
to be

fij = −
2~
π

∫ ∞
0

dωωTr
[
Im{AijIm{χj}C+

ij}
] ∂n
∂T

.

Once we know the power absorbed by each nanodisk, we can compute the time evolution of
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their temperatures by solving the differential equation

∂Ti
∂t

=
Pi(T0, T1, ..., TN)

Cp,i(Ti)
, (10)

where, as described above, Pi depends on the temperature of all of the objects in the ensemble,
as well as that of the environment. In addition, Cp,i is the heat capacity of graphene nanodisk i,
calculated from the specific heat of graphene [47].

2.2 Characterization of the Radiative Heat Transfer

With the expressions for the heat transfer derived above, we can begin to work toward the main
goal of this work, which is to study the time evolution of arrangements of graphene nanodisks
that are exchanging heat. In order to do so, we first examine how the parameters of an ensemble
of graphene nanodisks impact the heat transfer of the system without any time dependence. This
allows us to determine the ideal electronic and geometric configurations for the fully dynamical
control that we seek. The results of this characterization are shown in Figure 4. In particular, we
consider a system of two graphene nanodisks of radius R and center-to-center separation a, the
schematics of which are depicted in panel (a). Both of the disks are assumed to be at a temperature
of 300K, as is the environment. Although this equilibrium of temperatures between the two disks
means that there will be no temperature change, and, thus, no net transfer, that does not mean that
heat is not being exchanged between them. Rather, the fact that these two disks are at the same
temperature as one another and the environment means that the total power emitted is the same as
the total power absorbed for each disk.

The first parameters we study are the Fermi levels of the two disks, in an effort to determine
the doping levels that will provide maximum and minimum radiative transfer. In particular, we
consider disks of radius R = 15 nm and separation a = 3R. One of the disks has Fermi level EF1,
while the other is at EF2. Panel (b) of Figure 4 shows the heat transfer coefficient f12 from Disk
1 to Disk 2 as a function of their Fermi levels. In particular, we note that f12 is maximized when
the Fermi levels of the disks are equal, and decreases dramatically as the contrast between them is
increased. The reason for this behavior is that, when there is a matching of the Fermi levels, the
absorption and emission spectra of the disks will overlap the most, whereas, when there is a large
contrast in the Fermi levels, they have very minimal overlap.

The Fermi level dependence also tells us that there is a finite Fermi level that gives us the
optimal heat transfer between the disks. For the geometry considered here, we see that f12 is max-
imized in the interval EF1 = EF2 = 0.08 − 0.22 eV. The location of this maximum is determined

14
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Figure 4: Heat transfer between two graphene nanodisks. (a) Schematics of the system under con-
sideration, composed of two graphene nanodisks of equal radius R and center-to-center separation
a. Both nanodisks are held around a temperature of T = 300K, as is the environment. The left
disk has Fermi level EF1, while the right disk is at EF2. (b) Plot of the heat transfer coefficient f12

from Disk 1 to Disk 2 at T = 300K as a function of EF1 and EF2 for R = 15 nm and a = 3R.
(c) Heat transfer coefficient f12 per disk area πR2 from Disk 1 to Disk 2 as a function of R. The
red curves correspond to a = 3R, whereas the blue ones represent a = 5R. The solid and dashed
curves, respectively, represent EF1 = EF2 = 0.2 eV and EF1 = EF2 = 1.0 eV. Note that, for
visibility, the curve corresponding to a = 3R, EF = 0.2 eV is multiplied by a factor of 0.2. (d)
Heat transfer coefficient f12 at T = 300K from Disk 1 to Disk 2 as a function of a/R. The red and
blue curves show results for R = 15 nm and R = 45 nm, respectively, while the solid and dashed
curves represent EF1 = EF2 = 0.2 eV and EF1 = EF2 = 1.0 eV.
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based on the interplay between the polarizabilities of the nanodisks and the Bose-Einstein distri-
bution from Equation (2). As the Fermi level of each disk is increased, it will have a stronger
response, and thus a stronger interaction with other disks in its vicinity. However, the resonances
are also shifted to a higher energy with this increase in Fermi level. Since the heat transfer between
the disks is also dependent on the Bose-Einstein distribution, which decreases drastically with in-
creasing energy, the optimal Fermi level for heat transfer relies on a balance between these two
factors. We are focusing, in this work, on temperatures between 200K and 400K, so, in the fol-
lowing, we analyze a Fermi level of 0.2 eV, which will be the optimum for emission at the highest
temperature.

The polarizability of the graphene nanodisks also depends on their size, so we next investigate
the dependence of the heat transfer coefficient on the radius of the disks. In panel (c), we plot the
heat transfer coefficient per unit area, f12/(πR

2), as a function of the radius R for four different
combinations of geometries and doping scenarios. For this plot, we assume the size of both of the
disks, as well as their Fermi levels, to be equal, and we investigate cases corresponding to both
high and low levels of radiative transfer from panel (b). Specifically, the solid curves correspond
to Fermi levels of 0.2 eV, with the red one depicting the results for a separation of a = 3R, and
the blue one representing a = 5R. On the other hand, the dashed curves with the same colors
correspond to the heat transfer between disks having the same separations as before, but when the
Fermi level is 1.0 eV instead. We note that there is an optimum radius for heat transfer, which
depends on the separation between the nanostructures, as well as their Fermi levels. In addition,
we find that the heat transfer is significantly greater when the disks are much closer together. This
result is completely expected, since the strength of the interaction between the disks is heavily
dependent on the distance separating them, as shown in Equation (6).

In order to confirm this, we next study the dependence of f12 on the distance separating the
two disks. In panel (d), we show four configurations, corresponding to different combinations of
size and doping level of the disks. As in panel (c), the dashed curves correspond to a Fermi level of
1.0 eV, whereas the solid curves represent the case where this quantity is 0.2 eV. The red and blue
curves, respectively, show the results for disks of radius 15 nm and 45 nm. As expected, the heat
transfer coefficient rapidly drops with increasing separation.

The results shown in this figure provide the foundation for the rest of this work, since they
serve to inform our choice of parameters for the doping levels and geometry of the systems we
consider. Through a careful choice of the Fermi levels of each disk within an ensemble, we can
couple certain disks while minimizing the interaction with others; this opens up the door to achiev-
ing new, exotic heat transfer scenarios that would be difficult, if not impossible, to achieve without
the strong response and active tunability of graphene. In the following, we investigate several such
examples.
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2.3 Directional Heat Transfer

The first example of a tunable heat transfer scenario we investigate is the possibility to send heat in
a desired direction. As described in the previous section, by tuning the electric properties of each
nanodisk within an ensemble, it is possible to maximize the interaction between certain disks, while
minimizing the heat transfer to and from others. In the time domain, this translates to disks with the
same Fermi levels exhibiting much faster thermalization than those with drastically different ones.
As a preliminary case, we consider a system of two graphene nanodisks of equal size R = 15 nm
and center-to-center separation a = 3R, as depicted in panel (a) of Figure 5. One of the disks
(red) has a constant Fermi level EF1 = 0.2 eV and begins at a temperature of 400K. On the other
hand, the doping level of the other disk (blue), which begins at 200K, is chosen to either maximize
(EF2 = 0.2 eV, dashed curves) or minimize (EF2 = 1.0 eV, solid curves) the radiative transfer
between the two disks. Given these two scenarios, we find the time dynamics, shown in panel
(a) in colored curves matching the respective disks, using the fourth order Runge-Kutta method to
solve Equation (10). As expected from our results in the previous section, the radiative transfer
between the disks is maximized when the Fermi levels are equal (at a value of EF = 0.2 eV).
This allows the nanodisks to thermalize in roughly 1µs. On the other hand, when there is a high
contrast in the Fermi levels of the disks, their temperatures remain almost entirely unchanged over
ten times as long. This is because the time it takes for the disks to thermalize is a direct result of
the value of the heat transfer coefficient between the disks, which is minimized for Fermi levels
that have large contrast, and maximized when the Fermi levels overlap.

This profound difference in behaviors under the two doping scenarios shows extraordinary
promise to be applied to much more complicated systems as a way to achieve complete control
over which disks can thermalize with one another and the time scales over which they can do
so. Specifically, this principle can be applied as a way to direct energy along one direction, with
minimal impact on other disks. We show a simple example of this in panel (b), in which we have
a chain of three nanodisks, as depicted in the schematics above the plot. All of the disks have
uniform size R = 15 nm and center-to-center separation a = 3R. The central disk (red, denoted
Disk 2) has Fermi level EF = 0.2 eV and begins at 400K. The disks on either side of it, however,
begin at 200K and have different Fermi levels. The leftmost one (green, Disk 1) has a doping level
chosen so that it shares maximal heat transfer with the central disk (i.e., EF = 0.2 eV). On the
other hand, the rightmost disk (blue, Disk 3) has a Fermi level EF = 1.0 eV, chosen so that it will
accept minimal heat from the other disks. The temporal evolution of the temperature of each disk,
again plotted in colors that correspond to the color of its respective disk within the schematics,
shows that the heat is almost solely transferred from Disk 2 to Disk 1; these disks thermalize with
one another in roughly 1µs and leave the third disk almost exactly at its starting temperature, even
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Figure 5: Time evolution of radiative heat transfer between two and three graphene nanodisks. (a)
Heat transfer between two graphene nanodisks of radius R = 15 nm and center-to-center sepa-
ration a = 3R, as depicted in the upper schematics. One disk (red) begins at T = 400K with
constant Fermi level EF1 = 0.2 eV, while the other disk (blue) begins at T = 200K and has Fermi
level EF2 = 0.2 eV (dashed curves) or EF2 = 1.0 eV (solid curves). The environment is held at
T = 300K. (b) Radiative heat transfer between three graphene nanodisks with the same sizes and
separation as in (a) and depicted in the schematics. The central disk (red) begins at T = 400K,
whereas the other two disks (green and blue) begin at T = 200K. The central disk, as well as one
of the edge disks (red and green, respectively) have Fermi levels EF1 = EF2 = 0.2 eV, while the
other disk (blue) is at EF3 = 1.0 eV. As in (a), the environment has temperature T = 300K.
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after 10µs.

The concept demonstrated in Figure 5 can, in principle, be applied to a chain containing
an arbitrary number of disks. For example, in Figure 6, we examine the dynamics of a chain of 7
nanodisks, all of which begin at temperature 200K and have Fermi levelEF = 0.2 eV. As indicated
by the schematics, shown in panel (a), we place an additional disk that acts as a heat source (red) on
the left-hand side of the chain, and one that is a heat sink (blue) on the other side. The heat source
is held at a constant temperature of 400K, and the heat sink is maintained at 200K. By modulating
the Fermi levels of these two disks, thereby connecting or disconnecting them from the rest of the
chain, we can thus send heat back and forth along the chain. Panel (b) shows the Fermi levels of the
heat sink and source as a function of time; the heat source begins at EF = 0.2 eV, thus connecting
it to the chain, while the heat sink is at EF = 1.0 eV to minimize its interaction with the rest of the
system. At a time t = 30µs, the Fermi levels of the source and sink are flipped, so that the chain
will interact instead with the heat sink and thus be cooled back down.

Panel (c) of Figure 6 shows the time evolution of the temperature of each disk within the
chain for a single heating and cooling cycle. The colored lines correspond to the temperatures of
the disk labeled using the same color in panel (a). At the beginning, over a period of 30µs, the heat
quickly propagates through the chain, with the first disk thermalizing in approximately 20µs, and
the rest following sequentially afterward. This cascading effect comes as a result of the distance
dependence on the heat transfer. As discussed in Figure 4, the heat transfer drastically drops off as
the separation between the disks is increased, so it is unsurprising that the heat exchanged between
the farthest disks and the sources or sinks will take much more time to have an impact on the
temperature.

When the Fermi levels of the heat sink and source are switched, so that the disks now pri-
marily interact with the heat sink, the disks, as expected, cool down to their original temperatures.
As was the case with the heating phase of these results, the heat propagates through the chain,
this time toward the heat sink. That is to say that the disks closer to the sink thermalize with it
more quickly, while the further ones follow close behind. This thermalization with the heat sink
restores the disks to their beginning state, completely reversing the effects of the heating phase on
the chain. Therefore, once the disks return to their starting temperature, they can be recoupled to
the heat source, and subsequently the heat sink, thus repeating the entire process over again. This
reversibility, combined with the ability to direct heat through a chain, is a powerful tool to achieve
complete temporal control over radiative transfer.
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Figure 6: Directional heat transfer. (a) Schematics of the system under consideration, consisting
of 7 graphene nanodisks of radius R = 15 nm and center-to-center separation a = 3R. On the
left-hand side of this chain, a heat source (red disk) is held at a constant temperature 400K, and,
placed on the right-hand side is a heat sink (blue disk) at a constant 200K. All of the disks in the
chain, except for the heat source and heat sink, are held at a constant Fermi level of 0.2 eV. (b) Plot
of the Fermi level of the heat source (red curve) and heat sink (blue curve) as a function of time.
(c) Temperature of the nanodisks in the chain as a function of time. The color of each curve is
chosen to correspond to the color of the label above its respective disk in panel (a).
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2.4 Creating an Alternating Pattern of Hot and Cold Disks

We can also apply the knowledge gained from our characterization of the system to achieve other
exotic heat transfer scenarios. For instance, by carefully choosing which disks within an ensemble
will be thermally connected to a heat source or heat sink, we can create specific distributions of
heat that can be maintained for long periods of time.

Here, we investigate this prospect to develop an alternating pattern of hot and cold nanodisks.
In order to do this, we consider a setup like the one shown in panel (a) of Figure 7. This setup con-
sists of two parallel chains of 5 nanodisks having radiusR = 15 nm and center-to-center separation
a = 3R. On the left-hand side of the lower chain, there is a heat source of constant temperature
400K, which is colored red in the schematics, whereas, on the right-hand side, there is a heat sink
held at 200K that is colored blue in the figure. By carefully choosing the Fermi levels of the disks
within the chain, as well as those of the source and sink, we can heat up a specific pattern of disks
from the upper chain, while keeping the rest of the disks in that chain cool. We achieve this using
the coupling scenario described in panel (b), which displays the Fermi levels of the heat source
and sink, with curve colors corresponding to the color of the disk it represents in (a), and panel
(c), which shows the Fermi levels of the upper chain of disks, as indicated by the legend. The
lower chain of the disks is always 0.2 eV. We create an alternating pattern of hot and cold disks
by connecting the entire lower chain, and the disks chosen to be heated, by setting their Fermi
level equal to that of the heat source. For this purpose, we choose a Fermi level of EF = 0.2 eV,
as discussed previously, because this value gives a strong interaction between the disks, thereby
making the thermalization process very rapid. All of the other disks, as well as the heat sink, are
held at EF = 1.0 eV, with the goal of minimizing the heat that they draw from the heat source and
disks that are being heated.

The time dynamics of the temperatures of the disks in the top chain are shown in panel (d),
with color of each curve corresponding to the color of the label above the disk it represents in
panel (a). After a period of 20µs, the heated disks are thermalized with the heat source, creating
an alternating pattern among the top chain. In order to demonstrate that this system allows us to
create completely arbitrary patterns of hot and cold disks, we then cool all of the disks back to their
original temperature, thereby restoring the system to its initial state. We achieve this by setting the
Fermi level of the heated disks, as well as that of the heat sink, to EF = 0.2 eV at a time t = 20µs,
while the heat source and cool disks are changed to EF = 1.0 eV. As expected, this maximizes the
interaction of all of the heated disks with the heat sink, while minimizing interactions with the heat
source, allowing the disks to cool.

At a time t = 80µs, we then change the Fermi levels of the system in order to heat up a
new pattern of disks along the upper chain. Specifically, we choose an alternating pattern in which
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Figure 7: Creating an arbitrary pattern of hot and cold nanodisks. (a) Schematics of the system
under consideration, consisting of two chains of 5 nanodisks of radius R = 15 nm and center-to-
center separation a = 3R. On the left-hand side of the bottom chain, there is a heat source (red) of
constant temperature 400K, while, on the right-hand side, there is a heat sink (blue) held at 200K.
The disks in the chains begin at a temperature 200K, and the environment is assumed to be 300K.
(b) Plot of the Fermi levels of the heat source and sink, with curves in the respective colors of the
disks from (a). (c) Plot of the Fermi level of the disks in the upper chain. The gray dashed curve
correspond to that of Disks 2 and 4 in panel (a), while the black solid one is for Disks 1, 3, and
5. The Fermi level of all of the disks in the bottom chain is held constant at 0.2 eV. (d) Plot of the
time dynamics of the temperature of each disk in the top chain. Each curve is given a color that
corresponds to the label above its respective disk in panel (a).
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the new heated disks are those that were kept cool during the first heating period. To this end,
those disks, as well as the ones in the lower chain, and the heat source, are assigned a Fermi
level EF = 0.2 eV, while every other disk, including the heat sink, is at EF = 1.0 eV. After a
period of about 20µs, the desired disks are thermalized with the heat source, while the adjacent
disks remain cool; once again, an alternating pattern has been developed in the upper chain of
nanodisks, demonstrating the high level of control we have over the heat transfer throughout the
ensemble.

2.5 Isolating a Hot Disk

Another arrangement we consider is one that will allow us to heat a nanodisk and leave it isolated
by cooling its neighbors. In principle, this should allow us to store energy in the isolated disk
for long periods of time before releasing it at the desired moment. In order to demonstrate this
prospect, we consider a chain of 5 nanodisks, as the one shown in Figure 8 (a). Each nanodisk has
a radius R = 15 nm and center-to-center separation a = 3R. The chain is surrounded on either
side by both a heat sink (blue), held at a temperature T = 200K, and a heat source (red), held at
T = 400K. All of the disks in the chain begin at a temperature T = 200K, while the environment
is at T = 300K.

We first want to heat up the chain of disks to 400K. In order to do so, we set their Fermi
levels, as well as those of the heat sources, to EF = 0.2 eV. On the other hand, the heat sinks
are at EF = 1.0 eV, so that their interaction with the other disks is minimal. Once the disks are
thermalized with the heat source, at a time t = 5µs, we switch the Fermi level of the central disk
in the chain, as well as the heat sources, to EF = 1.0 eV, while the heat sinks are changed to
EF = 0.2 eV. This is shown in panel (b), where we plot the Fermi levels of the heat sources (red
curves) and sinks (blue curves) as a function of time, as well as (c), where we do the same for
the central disk. During the entire process, the other disks within the chain stay at EF = 0.2 eV.
This is so that we can cool the chain, except for the central disk, back to the starting temperature.
The central disk thus remains hot, despite all of the adjacent disks being cold. We show this in
panel (d), with each colored curve corresponding to the time evolution of the temperature of the
disks within the chain that are labeled using the same color in panel (a). Note that, because of the
symmetry of our ensemble, the temperatures of the disks surrounding the central one are the same
to the left and the right; we therefore label these disks with the same colors.

During the heating portion of the calculation, the disks rapidly thermalize with the heat
source. When the coupling is changed, so that the chain can cool, the disks more slowly ther-
malize to the heat sinks. This asymmetry is a result of the different conductivity of the nanodisks
at different temperatures, which alters the optical response, and therefore the temporal evolution.
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Figure 8: Isolation of a hot nanodisk. (a) Schematics of the system under consideration, consisting
of 5 graphene nanodisks in a chain and two additional nanodisks, one of which is a heat sink (blue
disks) held at constant temperature T = 200K, and the other being a heat source (red disks) held
at T = 400K, on either side of the chain. All of the nanodisks have R = 15 nm, and the separation
between each disk is a = 3R. (b) Plot of the Fermi levels of the heat source (red curve) and heat
sink (blue curve) disks as a function of time. (c) Plot of the Fermi level of Disk 3, which is the only
one in the chain whose Fermi level is not held constant at EF = 0.2 eV. (d) Plot of the temperature
evolution of the disks in the chain as a function of time. The color of the curves corresponds to the
disk with the same colored label in (a). Because the system is symmetric, Disks 1 and 5 (green),
as well as 2 and 4 (yellow), have the same temperature.
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However, we also note that, in the period of time that it takes for the disks to cool back down
to 200K (approximately 10µs), the central disk barely changes from its higher temperature. Al-
though, over much longer time scales, the disk would inevitably cool down, since it remains out of
equilibrium for as long as its temperature is different from its surroundings, the drastically differ-
ent Fermi levels, and thus emission and absorption peaks of the disk and its neighbors, serves to
mostly keep this disk thermally isolated. This implies that the energy in the disk can be stored and
released at will, and is minimally impacted by its surroundings when they have highly contrasting
Fermi levels. The ability to isolate a hot disk in this way shows the great promise for these systems
to be exploited for thermal management and evidences the high level of control over heat transfer
that can be achieved using graphene.

3 Conclusions

In conclusion, we have performed a comprehensive analysis of the temporal evolution of the radia-
tive heat transfer between graphene nanodisks. The strong plasmons supported by the nanodisks,
as well as contributions from evanescent modes to the emission of these disks in the near-field,
create a valuable platform to achieve rates of radiative transfer that exceed those of a blackbody.
By taking advantage of this, combined with the active tunability of the plasmons supported by
graphene nanostructures, we are able to achieve new, engineered heat transfer scenarios. To that
end, by adjusting the Fermi level of nanodisks within an ensemble, we demonstrate the ability to
send heat along a desired direction, thus enabling other, more complex behaviors, such as the heat-
ing of an arbitrary pattern of nanodisks, or even the isolation of a hot disk, which can store energy
for long periods of time without releasing it until desired.

The results of our work serve as a foundation for the realization of a wide variety of tech-
nologies related to thermal management and energy harvesting. The active tunability of graphene,
combined with its sharp and narrow spectral features, makes it an ideal platform to improve the
efficiency of thermophotovoltaic devices, which have emerged as a promising platform to collect
and use energy that would otherwise go to waste. Typically, the heat radiated to the environment
by hot objects, such as engines, air conditioners, and factories, is largely wasted, since the majority
of it is of much lower energy than the bandgap of the semiconductors used in solar cells; in this
context, the goal of thermophotovoltaics is to absorb this heat and convert it to usable energy. In
order for this to be possible, the device requires a component that can absorb thermal radiation in
a broadband spectral range and reemit that energy in a narrow range matching the bandgap of the
semiconductor.

Overall, our results form a new paradigm for manipulating the transfer of energy at the
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nanoscale, and thus will serve to inspire the design and development of new devices requiring
complete control over this process.

A Fluctuation-Dissipation Theorem

In order to average over the thermal fluctuations that appear in the derivation of the expression
of the power absorbed by each nanodisk, we make use of the Fluctuation-Dissipation Theorem
(FDT) [48, 49]. This relation connects the fluctuations of a physical quantity with the associated
dissipation. For instance, for the case of the fluctuations of the dipole moment, the FDT takes the
following form:

〈pi(ω)p∗j(ω′)〉 = 4π~δ(ω − ω′)Im{χ(ω)}δij
[
n(ω, T ) +

1

2

]
.

Here, i and j represent the components of the induced dipole, with ∗ being the complex conjugate.
Im{χ} = αi(ω)− (2i/3)k3|αi(ω)|2 to describe the absorption of the particles such that it satisfies
the optical theorem even if they are nonabsorbing, and n(ω, T ) the Bose-Einstein distribution.
Similarly, for the fluctuations of the electric field E, we have

〈Ei(r, ω)E
∗
j (r
′, ω′)〉 = 4π~δ(ω − ω′)Im{δijG0 +Gij(r, r

′, ω)}
[
n(ω, T ) +

1

2

]
,

with Gij being the dipole-dipole interaction tensor given in the main text by Equation (6) and G0

the radiation reaction term.
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[25] J. Chen, M. Badioli, P. Alonso-González, S. Thongrattanasiri, F. Huth, J. Osmond,
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